Given two distinct newforms with real Fourier coefficients, we show that the set of primes where the Hecke eigenvalues of one of them dominate the Hecke eigenvalues of the other has density ≥ 1/16. Furthermore, if the two newforms do not have complex multiplication, and neither is a quadratic twist of the other, we also prove a similar result for the squares of their Hecke eigenvalues.
Introduction
Let k ≥ 2 be an even integer and N a positive integer. Denote by S k (N )
new the set of all cuspidal newforms of weight k for the congruence subgroup Γ 0 (N ) ⊆ SL 2 (Z) with trivial Nebentypus. Any f ∈ S k (N ) new has a Fourier expansion at infinity in the upper-half plane ℑ(z) > 0 f (z) = n≥1 a f (n)e 2πinz .
The fact that f has trivial Nebetypus implies that the number field K f generated by all the Fourier coefficients a f (n) is totally real. We fix a real embedding of K f and note that our analysis below is independent of this choice. Since f is a newform, it is a simultaneous eigenform for all the Hecke operators, with the corresponding Hecke eigenvalues a f (n). For convenience, we shall consider the normalized eigenvalues
The extent to which the signs of λ f (p) at primes p determine f uniquely has been first studied by Kowalski, Lau, Soundararajan and Wu [3] (and also by Matomäki [4] , who refined some of their results). We shall concern ourselves with the following related question:
Is it possible that for two distinct newforms f and g the eigenvalues λ f (p) are not less than λ g (p), for almost all primes p?
The first result of this paper is to show that the above situation cannot occur. More precisely, we prove that the set of primes where the eigenvalues of f is strictly less than the corresponding eigenvalues of g has analytic density ≥ 1/16. Throughout the paper, we shall say that a set A of primes has analytic density (or Dirichlet density) δ > 0 if and only if
has analytic density at least 1/16. Remark 1.2. By symmetry, the theorem implies that the set
also has density at least 1/16. Thus, the set {p | λ f (p) = λ g (p)} where the corresponding Hecke eigenvalues of f and g agree has density at most 7/8. This is consistent with Ramakrishnan's refinement of the strong multiplicty one for GL(2) from [5] , which states that if two cuspidal automorphic representations of GL (2) over a global field have isomorphic local components outside a set of primes of density less than 1/8, then they are globally isomorphic.
The second result addresses the same question about the squares of the eigenvalues of f and g. Assuming that f and g do not have complex multiplication, and that neither is a quadratic twist of each other, we can obtain a similar density estimate.
new be two newforms without complex multiplication, such that neither is a quadratic twist of the other. Then the set
has analytic density at least 1/16.
The strategy of the proof is similar to the one used by Kowalski et al. in [3] , and essentially involves Serre's idea from [7] to study the distribution of the Hecke eigenvalues based on the the properties of the first symmetric power L-functions. The main ingredients are contained in Section 3. We note that the additional hypotheses in Theorem 1.3 are required in part (ii) of Proposition 3.1, where we use the existence of a cuspidal automorphic representation π on GL(4) (proved by Ramakrishnan in [6] ) such that L(π, s) = L(f × g, s).
Preliminaries
Let f ∈ S k (N ) new be a newform. From the standard theory of the Hecke operators, one knows that for all integers u, v ≥ 1
associated to f can be factored into Euler products
where α p and β p are the roots of the Hecke polynomial x 2 − λ f (p)x + 1, so that
The multiplicative properties of the coefficients imply that for m ≥ 2 and p ∤ N we have
and by induction
One can also write
where P m (x) is a polynomial of degree m with real coefficients, such that P 0 (x) = 1, P 1 (x) = x and
Note that
where U m (x) is the m-th Chebyshev polynomials of the second kind. The m-th symmetric power L-function attached to f is defined by
and it can also be expressed as a Dirichlet series for ℜ(s) > 1:
which implies that
In particular,
In this section we prove a proposition, which will be needed in the proof of Theorem 1.1 and Theorem 1.3. It is based on the holomorphy and non-vanishing at s = 1 of the symmetric square and symmetric fourth power L-functions. In addition, a modularity result of the Rankin-Selberg L-series is also used.
Proposition 3.1. Let k 1 , k 2 ≥ 2 be even integers and N 1 , N 2 ≥ 1 integers.
(ii) Let f ∈ S k1 (N 1 ) new and g ∈ S k2 (N 2 ) new be two newforms without complex multiplication, such that neither is a quadratic twist of the other. Then
Proof. It is known that for m ∈ {2, 4}, there exist cuspidal autmorphic representations π
f , s). Indeed, the case m = 2 is due to Gelbart and Jacquet [1] , while the case m = 4 follows from the work of Kim and Shahidi [2] on the symmetric fourth power. Recall that the coefficients of the m-th symmetric power L-functions are given by 
